We show that every 'I-regular digraph contains an even cycle. Furthermore, we give a closed formula for the maximum degree of a regular subdigraph of a given digraph. Let G be a simple digraph on n vertices without loops. That is, G is represented by a O-1 n x n matrix A(G) with zero diagonal. A very interesting and a nontrivial problem is to determine if G has a cycle of an even order. See for example [Thol J and [Tho2] and the references therein.
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A digraph G is called a regular digraph of degree d, if d= di,,(u) = d,,,(u) for all vertices D in G. Our main result is: THEOREM 1. Let G be a d-regular diagraph. Zf d 3 7 then the digraph has a cycle of an even order.
Proof We first note that the diagraph G has no even cycles iff per(Z+ A) = det(Z+ A), (2) where A = A(G). See also [V-Y] for a different use of the above observation. Assume that G is a d-regular digraph. That is, A is a O-1 matrix with 0 diagonal and d ones in each row and column. So Z+ A has d+ 1 ones in each row and column. Hence by the weak van der Waerden conjecture [ Fri] :
per(Z+ A) > (d+ l)"/e". See [Ego] and [Fall for the proofs of the van der Waerden conjecture. The classical Hadamard inequality yields:
Therefore, for d>, 7 we get
and the result follows.
COROLLARY 6. Let G be a digraph. Assume that G contains a 7-regular subdigraph. Then G contains an even simple cycle.
We now study the problem when a digraph contains a k-regular subdigraph. Note first the the Birkhoff theorem implies that any k-regular digraph contains a (k -1 )-spanning regular subdigraph. More generally, a result due to Fulkerson [Full gives the maximal degree 6(K) of a regular subdigraph of G on a set of K vertices (Kc V(G)). 
c Thus, G contains an even cycle if d(G) 2 7. According to [Kohl there exists an infinite family of a-regular digraphs which do not contain an even cycle. It is plausible to conjecture that any 3-regular digraph contains an even cycle.
Unfortunately, the existence problem of 2-regular subdigraphs in an arbitrary digraph G is NP-complete.
This was shown by Yannakakis [Yan] using a reduction from 3SAT and by Alon [Alo] using a reduction from 3-D Matching. For simplicity of exposition we bring a proof of the following result from [Alo]:
THEOREM 9. The existence of 4-regular subdigraphs in a given digraph is NP-complete (NPC).
Proof Recaull the 3DM (3;dimensional matching) problem which is known to be NPC [G-J]: Given (n) = { 1,2, . . . . n} and a collection .Z of elements (xi,yi, Z~)E (n) x (n) x (n), i= 1, 2, . . . . m, decide if there is a subset I of n triples such that the projection of the elements of I on each coordinate will give the set (n). To each J we correspond a digraph G. It has 3n + 3m vertices a,, . '.> a,, bl, . . . . b,, cl, . . . . c, , ul, -, u,,,, vl, . . . . u,, wl, . . . . w, and 3n + 21 m edges determined as follows. The first 3n vertices are connected by a directed cycle. For each (xi, yi, zi) E J we draw a directed triangle on (ui, vi, wi) and each ui, vi, and wi is connected to and from u,~, by,, and cz,. It is straightforward to check that G has a 4-regular subdigraph iff 3-DM exists.
On the other hand, according to [F-L-S] the maximal degree of a spanning regular digraph -6( V(G)) can be computed polynomially in n.
To see that we state Fulkerson's result in the form used in [F-L-S] . Let Q be the set of the scaled doubly stochastic matrices X= (xv):
Set A = A(G) and consider the following maximum problem:
xEzy<A 5cm =AA). 
